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Abstract 
We compute the structure of the complete groups of automorphisms of the 4-punctured 
sphere, the Spunctured sphere and the twice punctured torus by constructing equivariant 
retracts of the Harer complexes of cut systems. 
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1. Introduction 
Let F be an orientable surface of genus g with s > 0 punctures. Following [3] 
we denote by r = rl the mapping class group of F, i.e., the group of isotopy 
classes of orientation preserving diffeomorphisms of F which preserve the s 
punctures individually. We will be interested in the complete group r* of isotopy 
classes of diffeomorphisms of F, where we allow diffeomorphisms which reverse 
orientation and permute punctures. 
In [3], Harer introduces a complex A(A) to study the mapping class group r. 
The space A(A) is a simplicial complex whose simplices correspond to systems of 
arcs on F with endpoints at the punctures. The complex A(A) is shown to be 
contractible and to have a retract Y of smaller dimension. 
We observe that if we consider all the s punctures to be distinguished points 
(m = s) then T* also acts on the complex A(A), and the retraction of A(A) to the 
subcomplex Y is r*-equivariant. Y is a complex of dimension 4g - 4 + 2s - 1 
(rn = s, r = n = 0). However, in [3] it is shown that 
v.c.d.( r> = d = 4g-4+s, if g>O, 
i ’ 
s _ 3 
if g=O. 
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Since (r : r*> < CQ, v.c.d.(r *> = d also, and it is natural to ask whether or not 
there is a r*-equivariant retraction of Y to a subcomplex of dimension d. 
In this paper we construct this retract for the groups Cr,“>*, CT,“>* and CT:>*, 
where the surfaces are the 4-punctured sphere, the 5punctured sphere and the 
twice punctured torus. We can compute presentations for these groups by studying 
their action on these retracts. For the three groups in question the presentations 
have a nice form. Namely, we show that each of the groups CT,“>*, (r,‘>* and 
CT:)*, has the structure of a sum of finite groups (stabilizers of O-cells) amalga- 
mated along certain subgroups (stabilizers of l-cells), in the sense of [l, Theorem 
31. We note that the property of being a sum of finite groups is not preserved 
under passage to a finite index subgroup, so one should not expect a similar 
structure for the mapping class groups r,” or even for the subgroup consisting of 
orientation preserving diffeomorphism classes. Indeed, the retracts constructed 
here can be used to show that To4 is free of rank 2, and that the action of the 
orientation preserving subgroup of <r,‘>* does not give a presentation exhibiting a 
sum of finite groups structure. 
Our r*-invariant retraction of Y will factor as a sequence of retractions of the 
form 
Y+Y,, Y,+Y,, Y*+Y3,... 
Some of these retractions work for the general group (,:I* while some use 
particular properties of the space Y in the specific cases of <r,“>*, CT,‘>* and 
c&V*. 
The paper is organized as follows: in Section 2, we recall the construction of the 
retract Y, we introduce dual graphs and we collect some facts about retractions in 
posets. In Sections 3, 4 and 5, we describe retractions which can be applied to Y 
for any (r;)*. In Section 6, we describe the first of these retracts for the three 
groups we will consider. In Section 7, we retract to a complex of least dimension 
for the two groups <r,“>* and CT,“>* and in Section 8 we do the same for the group 
(r:)*. 
Note. Throughout the paper we use the term “retraction” to mean a deformation 
retraction, a continuous deformation of a space onto a smaller subspace, and the 
term “retract” for the smaller subspace. 
2. The retract Y 
We let F be as above and we use the terminology of [3]. Thus we set 
A =A, =(pl,..., p,} and think of all the punctures as distinguished points. Recall 
that a rank k arc system [a,, . . . , ak] on F is an isotopy class (rel A) of k + 1 
embedded paths (ai} satisfying 
(1) The endpoints of the (Y~ belong to A. 
(2) cuinaj~A if i#j. 
(3) No pair of ai’s are parallel. 
(4) No (Y~ is null homotopic. 
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Fig. 1. Arc systems on the 4-punctured sphere and their dual graphs. 
A simplicial complex A = A(A) is constructed with a k-simplex for each rank k 
arc system and if [(Ye,. . . , akl and [PO,. . . , Prl are arc systems with {a,, . . . , ak) c 
IP o,.. ., pJ then the simplex associated to [CQ, . . . , ak] is a face of the simplex 
associated to [PO, . . . , /3/l. This space A is also studied in [4,6]. It is shown in [3] 
that if F - A is not a disc or a once punctured disc then A is a contractible 
complex of dimension 6g - 6 + 3s - 1. Furthermore there is an equivariant retrac- 
tion of A to a space Y of dimension 4g - 4 + 2s - 1. 
It will be more convenient to work with the first barycentric subdivision of A, 
which we will also call A. Thus if P is the poset of all arc systems on F, ordered 
by inclusion, then A is the geometric realization of P. If (Y is an arc system on F 
we will denote by F” the surface obtained by cutting F open along a. The 
subcomplex Y can now be described as the geometric realization of the subposet of 
those arc systems, (Y, which fill up F, i.e., Fa is a collection of discs. 
We will also make use of the dual graph to an arc system. If a = [(Ye,. . . , akl is 
an arc system on F, we will denote the corresponding vertex of A by v(a). For 
each vertex u(a) in A there is a graph G(a) which is embedded in F-A and 
which is dual to the arc system (Y. The vertices ~(a) of A which lie in Y are 
precisely those for which the inclusion G(a) + F - A is a homotopy equivalence. If 
(Y and p both fill up F with (Y cp, then G(a) can be obtained from G(P) by 
collapsing a forest in G(P) within the surface F - A. See Fig. 1. Thus the complex 
Y naturally embeds as a subcomplex of the spine of outer space, the space of 
length functions on graphs, defined in [2]. 
If (Y is an arc system on F, we denote by lk(a, A) (respectively st(a, A)) the 
link (respectively star) of u(a) in A. As in any poset, the link can be factored as a 
join: 
Ik((w, A) =Ik+(cy, A)*lk_(a, A). 
50 T. Brady / Topology and its Applications 55 (1994) 47-66 
Here lk+(a, A), the upper link of u(a) in A, is the geometric realization of the 
poset of arc systems on F which properly contain cr, and lk_(c-u, A), the lower link 
of u(a) in A, is the geometric realization of the poset of nonempty proper 
subsystems of (Y. The subcomplexes lk(a, Y>, lk+(a, Y), Ik_(a, Y) and st(c-u, Y) 
are defined in an analogous way. 
If a vertex u(a) of A lies in Y, its link in Y can be characterized as follows. Its 
lower link, lk_(cu, Y>, differs from lk-(a, A) in that it no longer contains those 
vertices u(y), where y does not fill F. Thus lk_(a, Y) is the geometric realization 
of the poset of forests in G(a), ordered by inclusion. Furthermore, by [3, Theorem 
1.1(b)], lk+(a, Y) = lk+(cy, A) is a sphere of dimension 6g + 3s - k - 8, where k 
is the rank of the arc system (Y. 
We will construct successive retractions of Y using the following two lemmas. 
Lemma 2.1. Let Y’ be a r*-inuariant subcomplex of Y and let {v(a)}, be a 
r*-invariant collection of vertices in Y’ with the property that lk+(a, Y’) is 
contractible for each v(a). Let Y” be the subcomplex of Y’ obtained by removing 
those simplices which intersect ( v(cI)),. Then Y” is a r *-equivariant retraction of Y ‘. 
Proof. If lk+(cr, Y’) is contractible then so is the entire link lk(cy, Y’) and hence 
there is a retraction of st(a, Y’> onto Ik(a, Y’). Since we need to do this for a 
collection of vertices {~(a)}~, we need to order the vertices in such a way that the 
retraction of st(a, Y’) onto lk(cy, Y’) does not affect the contractibility of 
lk+@, Y’>, for some v(p) which appears after v(a) in the ordering. 
We note that if the rank of (Y is less than that of p, then 
v(a) P lk+(/3, Y’). 
So we can retract st(a, Y’) onto lk(n, Y’) without affecting the contractibility of 
lk+(P, Y’). Thus we order the (v(a)), in order of increasing rank. 0 
Note. This lemma is essentially [3, Theorem 2.11 expressed in terms of the first 
barycentric subdivision of A, since u((Y> EA - Y implies that lk+(cy, A) is con- 
tractible. 
Lemma 2.2. The corresponding result is true when Ik_(a, Y’) is contractible for each 
v(a). 
Proof. The proof is the same except that we now order the {v(LY)}~ in order of 
decreasing rank. 0 
3. Arc systems with separating arcs 
Definition. If F is a surface with a set of distinguished points A, a separating arc 
on F is an arc on F with endpoints in A which separates F. Note that a separating 
arc must be a loop. If (Y is an arc system which fills up F and contains at least one 
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separating arc, we will call (Y a type-l arc system and the corresponding vertex 
u(a) in Y a type-l vertex. We define Y, to be the subcomplex of Y which is the 
geometric realization of the subposet of arc systems p which fill up F and contain 
no separating arcs. 
Note. If (Y contains a separating arc then the graph G(a) contains a separating 
edge. 
Proposition 3.1. There is a r*-equivariant retraction of Y onto Y,. 
Proof. In view of Lemma 2.2 it will be enough to show that if (Y is a type-l arc 
system then lk_(a, Y> is contractible. We recall that lk_(a, Y) is the geometric 
realization of the poset of forests in G(a), ordered by inclusion. Let G, be the 
subgraph of G(a) whose edges are the separating edges and G, be the subgraph 
whose edges are the nonseparating edges. Note that G, is a forest with at least one 
edge. Let L, (respectively L2) be the subcomplex of lk-(a, Y> whose vertices 
correspond to forests entirely in G, (respectively G,). Note that L, is a simplex 
since G, is a nonempty forest. If F, is any set of edges in G, and F, is any forest 
in G,, then F, u F, is also a forest since all the edges of F, separate G(a). Thus 
L, * L, is a subcomplex of lk_(a, Y). Furthermore, since G, and G, together 
exhaust the edges of G(a), 
lkp(cu, Y) =L1*Lz. 
Now L, is a simplex and hence is contractible. Thus lk_(a, Y) is contractible. 0 
4. Arc systems which admit separating arcs 
Definition. If (Y and j3 are two arc systems on F we say LY is compatible with p if 
(Y u /3 is an arc system, i.e., the union of a set of representative curves for a and a 
set of representative curves for p can be isotoped so that the intersection set lies in 
A. Otherwise we say (Y crosses /3. If cy is an arc system which fills up F and 
contains no separating arcs but is compatible with at least one separating arc, we 
will say that CY admits separating arcs. We will call such an (Y a type-2 arc system 
and the corresponding vertex u(a) a type-2 vertex. We define Y, to be the 
subcomplex of Yi which is the geometric realization of the subposet which 
contains no type-2 vertices. 
If cx is a type-2 arc system then lk+(a, Y) contains at least one type-l vertex. 
Since lk+(cu, Y) is a sphere, lk+(a, Y,) is a sphere with some subcomplex removed. 
The purpose of this section is to show that, in most of the cases we will have to 
consider, lk+(a, Yr) is in fact contractible and Yi can be equivariantly retracted to 
Y2. We will need the following result about arc systems on a disc. 
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Proposition 4.1. Let F be a disc, A a set of n points on the boundary of F and cx an 
arc system on F. Let B,(a, F) be the subcomplex of A given by arc systems on F 
which are compatible with at least one arc of a. Then B,(cu, F) is an (n - 4)-ball. 
Proof. We will use induction on n. If n = 4 then A(A) is the O-sphere and the 
proposition is immediate. So assume the proposition is true for any arc system on 
any disc with less than n vertices on its boundary. We let m be the number of arcs 
of (Y and define B,(c-u, F) to be the subcomplex of A given by arc systems on F 
which are compatible with at least k arcs of (Y. We will also use induction on k to 
show that the family Bk(a, F) consists of (n - 4)-balls. The induction begins with 
k = m and k decreases. Since F is a disc any arc system fills up F. Thus lk_(cy, A) 
is a sphere of dimension m - 2. On the other hand, lk+(cr, A) is known to be a 
sphere of dimension n - 4 - m. So, lk(a, A) is an (n - 3)-sphere and Bm(a, F), 
which is precisely st(a, A), is an (n - 4)-ball. So assume Bk+l(a, F) is a ball and 
we will show that B,(a, F) is a ball. 
Let p ~a be any collection of k < m arcs and let y = (Y - p. As in the case of 
B,((Y, F), Bk(/3, F) = st(p, A) is an (n - 4)-ball. We want to show that 
&(P, F) - {UP, F) nB,+,(a, F)} 
is an (n - 4)-ball which meets BL+l(~, F) in an (n - 5)-ball in the boundary of 
both. 
Let l$ be a component of FP and yi = y n Fi. Since k <m, some yi is 
nonempty and B,(y,, Fi) is a ball, by induction on n. Thus, since A(Fi) is a sphere, 
the complex of arc systems on F, which are disjoint from yi is also a ball. By taking 
joins we see that the subcomplex of A(FP) consisting of arc systems which contain 
no arcs of y is an (n - k - 4)-ball. We will call this ball D,, and its boundary 
(n - k - 5)-sphere in A(Fp) we will call S,. Thus the complex of arc systems on F 
which are compatible with p but contain no arcs of y is the (n - 4)-ball 
st_(P, A)* D, which meets Bk+l (a’, F) in the (n - 5%ball St_@, A)* S,. 
So we obtain B,(a, F) by attaching the (n -4)-ball st_(P, A)* D, to 
B,+Ja, F) along the (n - 5)-ball St_@, A)* S, for each collection /? of k arcs in 
CY. If p and p’ are two such collections then the corresponding (n - 4)-balls, which 
are to be attached, intersect only in Bk+ 1 (a, F). Thus, by induction on k, 
B,(a, F) is an (n - 4)-ball. 0 
Note. This proposition is a generalization of a fact used in the proof of [3, Theorem 
1.1(b)] Namely, let F be a disc and A be a set of II points on its boundary. Let q 
be a vertex in A and LY be the arc system consisting of the n - 3 arcs with an 
endpoint at q. Then B,(cu, F) is a ball of dimension n - 4. 
Proposition 4.2. If (Y is a type-2 arc system on F and the set of separating arcs on F 
which are compatible with (Y forms an arc system then lk+(cy, Y,) is contractible. 
Proof. Recall that lk+(c-u, Y) is the complex of arc systems on Fa. Since LY fills F, 
Ik+(a, Y) is a sphere. By hypothesis the set of separating arcs on F which are 
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Fig. 2. Arc system on the 5-punctured sphere with incompatible separating arcs. 
compatible with (Y forms an arc system which we will call /?. By Proposition 4.1 the 
subcomplex of arc systems on F” which are compatible with at least one arc of p 
is a ball, B, of the same dimension as lk+(a, Y). By taking the complement of B in 
the sphere lk+(a, Y) we see that lk+(cu, Y1) is contractible. q 
Note. It is not always the case that the separating arcs are all compatible with each 
other. Figure 2 shows the case where F is the 2-sphere, A is a 5point set and (Y is 
the arc system shown. F” consists of a single disc. All of the arcs shown on F* are 
separating. Thus we see that the subcomplex of separating arcs compatible with (Y 
need not be an arc system. We will deal with this particular example separately in 
Section 7. 
5. Arc systems with degenerate triangles 
Definition. Let a be an arc system on F with u(a) E Y2. We say that (Y has a 
degenerate triangle if some component of F” is a triangle and on the surface F one 
vertex of this triangle has only two arcs of LY incident on it. See Fig. 3(a). 
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Note. The dual graph G(LY) contains a 2-gon which has a trivalent vertex. 
Proposition 5.1. Let CY be an arc system on F with a degenerate triangle. Then 
lk-(a, Y,) is contractible. 
Proof. The complex lk_(a, Y,) can be identified with the geometric realization, 1 P (, 
of the poset, P, of subsystems p of (Y satisfying U(L.U - PI E Y2, where the ordering 
is by inclusion. On F we label the triangular region by T, the valence-2 vertex by 
X, and the other vertices, arcs and regions as shown in Fig. 3(a). We observe that 
no p in P can contain either e, or e2, since (Y - p can admit no separating arcs. 
Now let P, be the set containing the subsystem (e,) alone and P2 be the set of 
all subsystems /I of (Y such that e, is not an arc of p and ~(a - p) E Y,. We will 
show that 
and since 1 P, ( is a point this will establish the contractibility of ) P I. 
So let p be a subsystem in P, and let /3’ = /3 U (eo). We claim that u(a - p’> E YZ 
also. F”-P is a collection of discs, one of which is the triangle T. FaeP’ is obtained 
from Fcypp by sewing the triangle T along e, onto the component containing the 
region R. Thus (Y - p’ also fills F and U( (Y--~‘)EY. Next cu-p contains no 
Fig. 3. Arc system with degenerate triangle. 
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Fig. 4. Specifying an arc system on the twice punctured torus. 
separating arcs and (Y - /I’ c a - p, so CY - p’ contains no separating arcs. Thus 
U((Y - p’) E Y,. Finally suppose (Y - p’ admits a separating edge f. If f does not 
cross e,, (Y - /3 admits a separating arc. Thus we may assume f crosses e,. By 
sliding both endpoints of f along e, from x to y we get a new separating arc f’ 
which can be homotoped to avoid crossing e,. See Figs. 3(b) and 3(c). Thus cr - /3 
admits a separating arc which gives a contradiction. 
Since U((U - p) E Y2 for any p E P, we can take p = fl to get P, = {eJ c P. 
Thus 1 P, I* 1 P, 1 c 1 P 1, and since P, U P, together exhaust P we get 
IpI=IpII*Ip2I~ q 
6. The graph types in Yl 
In this section we list all the orbits of vertices U(LY) in Y, for the three groups 
CT,“>*, (r,‘>* and (rf)* by exhibiting their dual graphs G(a). In the case F = S2, 
G(a) will be planar. When F is the torus we can draw a planar projection of G(a) 
with crossings. Figure 4 shows how to recover the surface from such a projection. 
We start with arc systems (Y which fill up F and have minimal rank. For these 
CY, F, is a single disc and G(cY) is a graph on F with one vertex. Any other arc 
system p with u(p) E Y, is of the form 
P=aUy 
where y is an arc system on F”. In terms of dual graphs G(P) contains a forest 
which can be collapsed on the surface F to give G(a). 
Figures 5, 6 and 7 show the graph types of all vertices in Yi for the groups 
(r,“>*, (r,“>* and (rf>* respectively, ordered by the rank of the corresponding arc 
system. Since we will need to refer to specific graphs later we label each of the 
graphs in Figs. 5, 6 and 7, using the following notation. Each graph is specified 
using a triple s, p, q of integers. The first integer will specify the group by giving 
the number of punctures on the surface, the second will give the number of 
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4.2.1 4.2.2 4.2.3 4.2.4 
4.3.1 4.3.2 
4.4.1 4.4.2 
Fig. 5. The graphs in Y, for the group CT,“)*. 
vertices in the graph and the last will be used to distinguish between different 
graphs with the same number of vertices on the same surface. 
7. The spherical cases 
We first consider the case of <I’,“>*. For each type-2 arc system (Y on F we find 
that the separating arcs on F which are compatible with cx actually form an arc 
system. Thus Proposition 4.2 applies and lk+(a, Y,) is contractible. By Lemma 2.1 
there is an equivariant retraction of Yr onto Y,. In this case the graph types G(a) 
of vertices v(a) in Y2 are 4.2.2, 4.3.1, 4.4.1 and 4.4.2. Of these 4.3.1 and 4.4.1 have 
contractible lower links by Proposition 5.1 and we can apply Lemma 2.2 to give a 
retraction which leaves only the vertices whose graphs are 4.2.2 and 4.4.2. This 
yields the following information about the structure of the group (I’:)*: 
Theorem 7.1. The group <I’,“>* is the amalgamated free product of the two groups 2, 
and D, x Z, over the subgroup D,. 
Proof. The space Yr retracts equivariantly onto a l-complex and a fundamental 
domain for the <r,“>* action is a single l-cell with vertex stabilizers _Z4 and 
D, X Z, and edge stabilizer D,. The stabilizer in r* of a vertex v((Y> is the group 
of automorphisms of the punctured surface which take the graph G(a) to itself. 
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An edge stabilizer is the intersection of the stabilizers of the endpoints of the edge 
since the action does not invert edges. 0 
Note. The indices of the edge stabilizer in the two vertex stabilizers are 2 and 3. 
Thus the amalgamation structure is very similar to that of GL(2, Z). This is not too 
surprising considering the connection between arcs on the 4-punctured sphere and 
lines in R* - 2’. See [5]. 
Next we consider the case of Cr,‘>*. We find that, for each type-2 arc system (Y 
on F, the separating arcs on F which are compatible with (Y again form an arc 
system except for the arc system shown in Fig. 2, whose dual graph is 5.1.1. We 
treat this case with the following proposition: 
5.2.3 5.2.4 
8 Q 
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Fig. 6. The graphs in Yl for the group (r,“)*. 
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Fig. 6 (continued). 
Proposition 7.2. If F is the 2-sphere, A is a 5point set, and CY is the arc system 
shown in Fig. 2, then Ik+(a, Y,) is a ball of dimension four. 
Proof. Cut F along a to get an octagon as shown in Fig. 2. The separating arcs on 
F compatible with (Y are shown. We label them by p,, &, &, P4 and &, Pz3 as 
shown. Let 
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2.2.3 2.2.4 2.2.5 2.2 6 2.2 7 
2 3.1 2.3.2 2.3.3 2.3 4 2 3.5 
-sj%mxm 
2.3.6 241 2.4.2 243 2.4 3 
Fig. 7. The graphs in Y, for the group (r,f)*. 
We now consider several subcomplexes of the 4-dimensional sphere, A(F*) of arc 
systems on the octagon, F*. By Proposition 4.2, the subcomplex of arcs on F”, 
which are compatible with at least one of the arcs of /3 forms a ball of dimension 4, 
since p is an arc system. Call this ball B,. Since PI2 is compatible with j3, the 
subcomplex of arc systems compatible with plz also forms a ball of dimension 4, 
B,, which meets B, in a ball as in the proof of Proposition 4.1. 
Similarily for & giving a ball B,. Now if y is an arc on F* which is compatible 
with both p,2 and pz3, then y is compatible with each of p,, p2, p3 and p4. Thus 
B,nB, =B, 
and the complex of arcs on F”, which are compatible with a separating arc, is a 
ball of dimension 4. By taking complements in the 4-sphere A(F*) we see that 
lk+(a, Y,) is a ball. 0 
Now Proposition 4.2 and Lemma 2.1 can be applied to give an equivariant 
retraction of Yr onto Y,. In this case the graph types G(Q) of vertices r!(a) in Y2 
are 5.2.1, 5.3.14, 5.3.15, 5.4.15, 5.4.16, 5.4.17, 5.4.18, 5.4.19, 5.5.5, 5.5.6, 5.5.7, 5.5.9, 
5.6.1, 5.6.2, 5.6.3, 5.6.4. Of these the following graphs have contractible lower links 
by Proposition 5.1: 5.3.15, 5.4.15, 5.4.16, 5.4.17, 5.4.19, 5.5.5, 5.5.6, 5.5.7, 5.6.1, 
5.6.2, 5.6.3. We can add to this list the graph 5.6.4, shown in Fig. 8 using: 
Proposition 7.3. Let r* = <I’,:>* and (Y be the certex in Y2 whose graph G(cY) is 
shown in Fig. 8. Then lk_(a, Y2> is contractible. 
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Proof. Label the vertices and edges of G as shown. We compute all the allowable 
forest collapses in Y2. First note that if a forest has more than four edges the 
quotient tree has less than two vertices and hence does not belong to Y2. So we 
start with allowable forests consisting of four edges. We observe that the set of 
edges splits naturally into three subsets: (a, b, c), Id, e, f) and {g, h, k). Further- 
more no allowable forest can contain more than one edge from either of the last 
two sets. We first list allowable forests with one edge in each of the last two sets 
and two edges in the first set: 
{a, b, f, hj, {a, b, e, k), Ib, c, d, k), (b, c, f, 81, {c> a, d, h), 
Ic, a, e, g). 
This gives all the allowable forests with four edges. The allowable forests with 
three edges are either subforests of these or are one of: 
Ia, e, h), {b, f, k}, {c, d, s}, (a, b, c). 
All allowable forests with one or two edges are subforests of larger allowable 
forests. 
We can now describe the complex lk_(a, Y,). It can be constructed by starting 
with the 2-cell corresponding to {a, b, c}, adding the 2-cells {a, e, h}, (b, f, k} and 
{c, d, g} and finally adjoining the six 3-cells corresponding to the allowable forests 
with four edges. Thus lk_(cY, Yz> is obtained from a contractible complex by 
adjoining other contractible complexes along contractible pieces. As an example 
the 3-cell {c, a, e, g} meets the remaining cells in the subcomplex 
Ia, c) U {a, e) U (c, s}. 0 
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Now we can apply Lemma 2.2 to give a retraction which leaves only the vertices 
whose graphs are 5.2.1, 5.3.14, 5.4.18 and 55.9. As before this yields information 
about the structure of the group (r,‘>* : 
Theorem 7.4. The group (I’,:>* is a sum of four finite groups (the stabilizers of the 
vertices whose graph types are 5.2.1, 5.3.14, 5.4.18 and 5.5.9) amalgamated along 
finite subgroups (the stabilizers of the edges in Fig. 9). 
Proof. The space Y, retracts equivariantly onto a 2-complex and a fundamental 
domain for the CT,‘>* action is shown in Fig. 9. The fundamental domain injects 
into the quotient space of the 2-complex by the group action since the group can 
only identify vertices with the same graph type. The result now follows from 
[l, Theorem 31. 0 
8. The torus case 
Finally we consider the group (rf)*. As in the case of <r,“>* we find that for 
each type-2 arc system CY on F the separating arcs on F which are compatible with 
CY form an arc system. Applying Proposition 4.2 and Lemma 2.2 we get an 
equivariant retraction of Y, onto Y,. For this case the graph types G(a) of the 
vertices in Y, but not in Y, are 2.1.1, 2.2.2, 2.2.5 and 2.3.5. Applying Proposition 
5.1 we find that 2.2.1, 2.3.1, 2.3.4 and 2.4.3 have contractible lower links. To these 
we can add the graph 2.4.2 shown in Fig. 10 using: 
Proposition 8.1. Let cy be an arc system on F whose dual graph G(a) is shown in 
Fig. 10. Then lk_(a, Y,) is contractible. 
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Fig. 10. 
Proof. Label the vertices and edges of G(cu) as shown in Fig. 10. We compute all 
the allowable forest collapses in Y2. First note that a forest cannot have more than 
three edges. So we start with allowable forests consisting of three edges. We 
observe that the set of edges splits naturally into two subsets: {a, b, c} and 
{d, e, f}. No allowable forest can contain more than one edge from the first set 
since the resulting graph must lie in Y2. Furthermore the sets (a, e, f), {b, d, f) 
and {d, e, c) give arc systems which do not fill F. Thus the allowable forests with 
three edges are: 
{a, d, e), {a, f, 4, {b, d, e), {b, e, ./‘I, Ic, e, 17, Ic, f, 4, Id, e, f). 
All allowable forests with one or two edges are subforests of these. 
We can now describe the complex lk_(Lu, Y2). It can be constructed by starting 
with the 2-cell corresponding to {d, e, f), adding the l-cells {a, d}, (b, e> and (c, f} 
and finally adjoining the six 2-cells corresponding to the remaining allowable 
forests with three edges. Thus lk_(a, Y,) is obtained from a contractible complex 
by adjoining other contractible complexes along contractible pieces. 0 
We can apply Lemma 2.2 again to retract Y, to a subcomplex which we will call 
Y,. We now compute upper links of the vertices in Y3. The four graphs 2.1.2, 2.2.3, 
2.2.6 and 2.3.2 have contractible upper links as shown in Figs. 11 and 12. We 
equivariantly retract as before to a subcomplex Y4 using Lemma 2.1. Of the 
remaining vertices, the pair 2.4.1 and 2.3.3, shown in Fig. 13 have contractible 
lower links in the subcomplex Y4, by the following: 
Proposition 8.2. If a is an arc system on F whose graph type is either of the graphs in 
Fig. 13, then lk-(cr, Y4> is contractible. 
Proof. We consider the arc system with six arcs first: Let G(a) be its dual graph. 
Label the vertices and edges of G(cu) as shown in Fig. 13. We compute all the 
allowable forest collapses in Y4. As in Proposition 8.1 a forest cannot have more 
than three edges. So we start with allowable forests consisting of three edges. We 
observe that the set of edges splits naturally into two subsets: {a, b, c, d} and 
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1 = 2.2.4 
2 = 2 2.3 
3 = 2 2.6 
4 = 2.3 2 
5 = 2.3.3 
6 = 2.3.6 
7=24.1 
8 = 2 4.4 
Fig. 11. The upper link in Y, of a vertex with graph type 2.1.2. 
{e, f). No allowable forest can contain more than one edge from the first set since 
the resulting graph must lie in Y,. Thus the allowable forests with three edges are: 
Ia, e, f}, {b, e, f), Ic, e, f), {d, e, f). 
The allowable subforests with one or two edges are 
{e) 3 IfI and {e, 0. 
This shows that lk_(cw, Y,) is contractible. See Fig. 14. Next observe that if p is the 
arc system with five arcs then 
lk-(P, y4) elk-(a, Y4) 
since its dual graph G(P) can be obtained from G(a) by collapsing the edge e. We 
can see from Fig. 14 that lk_(P, Y4> is also contractible. q 
We apply Lemma 2.2 for the last time to retract Y4 equivariantly to a subcom- 
plex Y, whose vertices have as their dual graphs 2.1.3, 2.2.4, 2.2.7, 2.3.6 and 2.4.4. 
This yields the following structural information about the group (r:)*. 
Theorem 8.3. The group CT:)* is a sum office finite groups (the stabilizers of the 
vertices whose graph types are 2.1.3, 2.2.4, 2.2.7, 2.3.6 and 2.4.4) amalgamated along 
finite subgroups (the stabilizers of the edges in Fig. 15). 
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(a) The upper link in Y, of a vertex with graph type 2.23. 
(b) The upper link in Y, of a vertex with graph type 22.6 
(c) The upper link in Y, of a vertex 
Fig. 12. 
a 
d 
with graph type 2.3.2. 
b 
2=4 
f 
Fig. 13. 
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Fig. 15. 
66 T. Brady / Topology and its Applications 55 (1994) 47-66 
Proof. The space YI retracts equivariantly onto a 2-complex, YS, and a fundamental 
domain for the CT:)* action is shown in Fig. 15. As in Theorem 7.4 the 
fundamental domain injects into the quotient space and [l, Theorem 31 applies. 
0 
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